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SVIC NOTES

“Information conserves other resources through better decisions.”
-- Walter M. Carlson, IBM Corporation

Mr. Carlson is a former Director of Technical Information for tihe Department of
Defense (DoD). The quote is from an address to a DoD Technical Information
Conference last March. His presentation was inspiring and quite to the point. We
must make effective use of information for productivity or performance improve-
ments of the organization. To do this, available information resources should be
used whenever possible. The cost of ready access to technical information is really
very small when compared to the savings that can be realized in various stages of
research and development programs. Improved performance, time saved by engi-
neers and scientists, and money saved by not duplicating the work of athers are the
results of knowing about new developments applicable to an R&D program, Precise
savings in these areas are difficult to measure. Mr. Carison suggests that we measure
the cost of not knowing. If you don’t know about a new material that meets your
requirements, you may proceed with an unnecessary development program. |f you
don’t know about a new technique that reduces testing time, you may spend more
on tests than you should. The examples are endless.

In the spirit of Mr. Carlson’s remarks, we at SVIC continue to provide, as effec-
tively as we can, timely information to the shock and vibration community, This
DIGEST, our monographs and special publications, and our search and analysis
service are available to meet your special needs. Our symposia and bulletins as a
platform and archive for new knowledge, data and know-how in the shock and
vibration field seem to get more exciting every year. The 52nd Symposium this
month in New Orleans promises to be particularly outstanding. You can examine
the program for this meeting in the September issue of the DIGEST.

In connection with the 52nd Shock and Vibration Symposium, | would like to use
this space to thank the Technical Program Committee for doing a particularly fine
job. Lt. Col. Dwayne Piepenburg of the Defense Nuclear Agency represented the
Host. Mr. Don McCutchen of NASA, Johnson Space Center organized some excep-
tional sessions relating to Space Shuttle. Mr, Charles Fridinger, Naval Surface Weap-
ons Center; Mr. Tommie Dobson, 6585 Test Group, Holloman AFB; and Mr. James
Daniel, U.S. Army Missile Command make up the rest of a fine team. Thanks very
much fellows.

Finally, | must report that Mrs, Carol Healey has left the SVIC staff, She did an
outstanding job and we will miss her. | wish her well in her new job. Mrs, Jessica
Hileman is joining SVIC as Carol's replace nent. | think those of you who meet her
at the symposium will agree that we are ILcky to get such a talented lady, Welcome

aboard, Jessica. . — .
| f
Do H.C.P,
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EDITORS RATTLE SPACE

CONTINUING EDUCATION

Many forms of continuing education are flourishing in the technical community
today - from meetings, short courses, and seminars to journals, magazines, and
books. Indeed, the DIGEST itself is a form of continuing education,

The presentation and publication of formal papers at such technical meetings as
the Shock and Vibration Symposia and the ASME Vibrations Conference have
served as mechanisms for the exchange of technical information for many years,
These meetings also provide an opportunity for engineers to informally exchange
ideas and information. A calendar of technical meetings is provided in the DIGEST.

Technical seminars give engineers the opportunity to obtain updated information
in a condensed form. Usually the seminar represents a distillation of recently
published technology. Technical experts intimately involved in engineering research
and practice conduct the sessions,

Short courses provide organized training in specific areas of technology. These
courses usually follow textbook-like notes and can condense a college semester
course into a week or two. Short courses and seminars are listed in the DIGEST
short courses section.

Journals, magazines, and books are still the major source for continuing education
in engineering. The DIGEST abstract section presents objective synopses of the
material contained in the literature, The literature and book review sections are
intended to be subjective reports of technical material,

It is fortunate that such training is available in today's complex technical world,
for more and more individuals are finding that continuing education is necessary
in their jobs. And the formal training programs available at the college level do not
provide the training needed today.

It is the goal of the DIGEST to keep its subscribers informed on opportunities for
continuing education as well as the available literature,

R.L.E.



RECENT PROGRESS IN THE DYNAMIC PLASTIC BEHAVIOR
OF STRUCTURES, PART 1l

N. Jones*

Abstract, This article surveys the literature on the
dynamic plastic response of structures published
since 1978. The review focuses on the behavior of
such simple structural components as beams, plates,
and shells subjected to large dynamic loads that
cause extensive plastic flow of the material.

Interest in the dynamic plastic response of structures
has continued to grow at a rapid pace since 1978
[1. 2]. A general introduction to this subject has
been published [3], and a wide range of applications
has been given [1-3]. Additional developments have
been reviewed [4-12].

The influences of finite-displacements and material
strain-rate sensitivity on the dynamic plastic response
of structures have been described [3], as have the
behavior of ideal fiber reinforced beams, higher
modal response of beams, influence of transverse
shear and rotatory inertia, approximate methods of
analysis, the behavior of rapidly heated structures,
fluid-structure interaction, dynamic plastic buckling,
and numerical studies (1, 2].

This article concentrates on the effects of transverse
shear and rotatory inertia and the influence of
material elasticity and dynamic plastic buckling.
Some comments are made on numerical studies and
other recent work.

TRANSVERSE SHEAR AND ROTATORY
INERTIA

The importance of transverse shear and rotatory
inertia on the dynamic plastic response of beams has
been discussed [1, 10, 11}. Theoretical rigid-plastic
analyses have been carried out for two beam prob-
lems [13): an infinitely long beam struck by a mass

traveling with an initial velocity and a simply-sup-
ported beam loaded impulsively. These two problems
were reconsidered using the exact |lyushin-Shapiro
yield surface [14). This method necessitated a
relatively straightforward numerical solution,

Transverse shear effects lead to a dramatic reduction
in the slopes of the deformed profiles for both beam
problems. Moreover, the slope of the deformed
profile underneath the striker in the impact problem
is sensitive to the actual shape of a yield curve; the
maximum transverse displacement is less sensitive.
The retention of rotatory inertia in the basic equa-
tions leads to further reductions up to 17% and 10%
in the slopes and maximum transverse displacements
respectively,

Gomes de Oliveira [15] examined the dynamic plas-
tic response of simply-supported and fully-clamped
beams that are struck laterally at mid-span by a mass
or projectile traveling with an initial velocity, A
numerical solution was necessary even though a sim-
plified square yield criterion was employed. Rotatory
inertia did not significantly affect the response of the
beams examined, but shear effects were very impor-
tant and led to substantially larger maximum lateral
displacements.

It might be shown that the transverse shear force at
the simple supports of the impulsively-loaded, rigid,
and perfectly plastic circular plate examined by Wang
(16] is infinitely large when motion commences.
Thus, the influence of transverse shear on the dynam-
ic plastic response of circular plates is of potential
importance and has been studied recently [17]. It
was assumed in this work that the transverse shear
force and circumferential and radial bending mo-
ments required for plastic flow were controlled by
a simplified yield criterion, This criterion was first
used by Sawczuk and Duszek [18] to examine the

*Professor of Mechanicsl Engineering, Dept. of Mechenical Engineering, The University of Liverpool, P.O. Box 147, Liverpool

L69 38X, UK

et i b B e s,



o

static plastic behavior of circular plates. A simple
theoretical procedure, which is exact within the
setting of classical plasticity for the selected vyield
criterion, has been obtained for a simply-supported
circular plate subjected to an impulsive velocity
Vg [17]. The theoretical results demonstrate that
transverse shear effects are more important for
dynamic loads than for static loads. For example,
the maximum permanent transverse displacement
is two-thirds of the value predicted by a classical
bending only theory for a sandwich plate with a
diameter-to-thickness ratio of 15 and a 0.5 in, (1.27
cm) thick core with 0.1 in. (0.254 cm} sheets as
has been reported [10]. Furthermore, there is a
transverse displacement of equal magnitude around
the supporting boundary. This displacement is zero
in the classical theory of Wang [16] without trans-
verse shear effects.

The role of rotatory inertia (I) on the dynamic
plastic response of impulsively-loaded simply-sup-
ported circular plates has been explored [17). The
inclusion of rotatory inertia in the governing equa-
tions and the retention of transverse shear, as well as
bending effects in the yield criterion, result in an
increase in the permanent transverse shear sliding
at the plate supports and a decrease in the maximum
final transverse displacement that occurs at the plate
center. However, the inclusion of 1 gives rise to
respective changes in these quantities of approxi-
mately 11.5% and 14.2% at most. The simpler theo-
retical analysis [17] with I = 0 would therefore
probably suffice for most practical purposes.

Rao and Raghavan [19] have developed a finite-
element method to investigate the dynamic inelas-
tic response of thick plates. They presented nu-
numerical results for simply-supported and funy
clamped square plates and included transverse shear
effects.

If transverse displacements due to concentrated
shear strain become sufficiently large, at a support
for example, complete severance can occur [20].
Thus, the transverse displacements due to shear
must remain a sufficiently small proportion of the
corresponding structural thickness in the various
analyses discussed above.

ELASTICITY, STRAIN HARDENING, AND
STRAIN RATE SENSITIVITY

This section discusses theoretical and approximate
methods of analysis. Forrestal has continued his
development of simple methods of analysis for
impulsively loaded beams. These methods account
tor the influence of elastic effects and material
strain hardening and strain-rate sensitivity when
required, Forrestal and Sagartz [21] used typical
analytical procedures to obtain the elastic response
of a beam subjected to an impulsive velocity that
is distributed with a half-sine shape across a simply-
supported span. This theoretical analysis remains
rigorously correct until the maximum stress at the
mid-span reaches the associated dynamic yield stress.
However, it is assumed for subsequent motion that a
beam retains a sinusoidal shape even when plastic
deformation occurs. Thus, a fairly straightforward
theoretical analysis with linear strain hardening will
lead to an expression for the maximum transverse
deflection.

If the material is strain-rate sensitive as well, the
dynamic yield stress is calculated at the appropriate
strain rate predicted by the elastic analysis when
yield is first reached. Perrone’s [22] assumption is
used, and the plastic flow stress is taken as strain-
rate insensitive with little sacrifice in accuracy. For-
restal and Sagartz [21] found that this relatively
simple theoretical procedure gives excellent agree-
ment with experiments they conducted on beams
made from 304 stainless steel. Such steel is used in
the nuclear industry,

{f only the influence of material strain-rate sensitivity
and geometry changes are important, a simple pro-
cedure [10] can be used for beams. In the particular
case of an impulsive loading distributed uniformly
on a fullyclamped beam, the dynamic yield factor
and the maximum permanent transverse displace-
ment are predicted in [10]. This approximate meth-
od provides excellent agreement with experimental
tests [10]. The theoretical method [23) can also
be used for a wide range of dynamically loaded
beams and plates when geometry changes dominate
the response provided material elasticity, strain
hardening, and strain-rate sensitivity can be neglected.

Kaliszky [24] developed a kinematic formulation to
describe the behavior of dynamically loaded rigid
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plastic structures. This formulation car: be used when
changes in geometry and strain-rate sensitivity are
important, The approximate predictions show en-
couraging agreement with more exact theoretical
resuits.

Symonds and co-workers have continued to develop
approximate theoretical methods for material elas-
ticity, strain hardening, and strain-rate sensitivity as
well as changes in geometry. Symonds and Raphanel
[26] wused a mode approximation procodure to
predict the permanent deflections of the impulsively
loaded portal frames tested by Bodner and Symonds
[26] . Symonds [27, 28] also used the same method
to study the response of fuily-clamped beams.

Symonds has summarized his recent studies [29].
The structural response is postulated to occur in
three distinct stages. The first wholly elastic stage
is terminated when a global yield condition is satis-
fied and is followed by a rigid perfectly lastic stage
and a final elastic vibration. Thus, elastic and plastic
effects are separated, and the response can be trected
as either wholly elastic or entirely plastic. If he
transverse displacements become large during the
plastic stage, they sometimes must be divided into
two parts, The first part accounts for flexuve: effects;
the second part recognizes large dispiacomants. The
analysis for every stage except the initial ~nd final
elastic stages is simplified by using a mode approxi-
mation method, The velocity amplitude is determined
from the end of the previous stage using the mini-
mum & wchnigue of Martin and Sycnds [l

Provision is also made in this approximate procedure
for material strain rate sensitivity and for large dis-
placements during the initial elastic phase.

Symonds [31] has suggested an improved criterion
for seeking optimal modes in dynamic infinitesimal
structural problems, The criterion avoids the difficul-
ty inherent in the procedure of Martin and Syr:onds
{30] when both unstable and stable modes are
present. Martin [32] recently discussed how mode
shapes might be found in complex and more realistic
situations. Lepik [33] examined quasi-modal form
solutions that retain several simultaneous modes,
again with the limitation of infinitesimal displace-
ments. Kim [34], however, explored further the
instantaneous mode method for large deflection
proploms. He used & minimiestion fechrigue and
obtained encouraging agreement with experimental

results on impulsively loaded beams [35]). However,
a theoretical method (23]} gives a simple equation
for the permanent deflections of beams; more favor-
able agreement with corresponding experimental
results has been obtained [10}. Moreover, another
simple equation {3, 10] also predicts excellent agree-
ment with test results on strain-rate insensitive rectan-
gular plates loaded dynamically; the mode appr .xi-
mat,.n method therefore requires consid “able
further development before it can become a design
tool. Its advantages will be that it can be used for
various secondary effects but not without some
cost in increased compiexity.

In discussing mode form solutions, it should be
mentioned that Symonds and Wierzbicki [36] have
examined the response of impulsively loaded circular
plates with large deflections by retaining only mem-
brane forces in a mode solution, Lepik and Mroz
(37} investigated the optimal design of an impul-
sively loaded stepped beam using asymmetric mode
forms.

Perrone and Bhadra [38] examined a simp!c beam
model in an attempt to develop and examine the
accuracy of approximate methods of analysis. The
beam is idealized as a string with membrane forces;
changes in geometry are taken into accoui.t but not
bending effects, A mass at the mid-span is loaded
impulsively, the beam material is idealized ac rigid-
viscoplastic with linear strain hardening. i his pioblem
is sufficiently simple so that an exact solution is
LI OMMIL The maximum membramn: puais ke i
attained when approximately one-half the initial
kinetic energy has been dissipated. Thus, the maxi-
mum strain rate might be quickly estimaied in this
class of problems and used to obtain the associated
strain-rate sensitive flow stress; the stress is then
taken as a constant during the entire response. This
procedure has been successfully used for some
plate problems, but to the writer's knowledge the
details have not yet been published.

BEAMS, PLATES, AND SHELLS

Many of the articles cited in the previous sections
contain investigations into the dynamic plastic
behavior of beams, plates, and shells, The articles
corsidered in this scton eontgin largely theurdtical
and approximate studies,
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Wojno and Wierzbicki [39] developed a perturbation
method of analysis for impulsively loaded structures
made trom materials with viscoplastic characteristics
that are idealized as homogeneous viscous [40]. An
exponent in the viscoplastic law is identified as a
small parameter in the perturbation procedure. Rea-
sonable agreement when neglecting flexural effects
was obtained with experimental results on impul-
sively loaded beams [35] .

Bak [41-43] examined the dynamic plastic response
of rectangular plates, but, because the influence of
changes in geometry were not retained in the govern-
ing equations, reasonable agreement with correspond-
ing experimental results [44] was found only at
smaller permanent deflections. The loading capacity
of a rectangular simply-supported reinforced-concrete
plate under shock loading was examined theoretically
using plastic methods of analysis [45] .

Ghosh and Weber [46] reported a theoretical and
experimental investigation into the dynamic response
of an axisymmetric rigid-plastic membrane, Good
agreement was found between the results except for
the variation in final thickness of the lead plates.

The dynamic plastic behavior of a miscellaneous
collection of shell problems has been considered
[47-52]. An interesting study into the plastic re-
sponse of a chain of circular rings due to an axial
tensile impact has been examined largely from an
experimental viewpoint [53].

DYNAMIC PLASTIC BUCKLING

Dynamic plastic buckling has been reviewed briefly
{3] and thoroughly {1]. Comments have also been
given [10] .

An idealized column was studied [54] in an attempt
to obtain insight into and clarify the phenomenon
of dynamic plastic buckling. The column included
a nonlinear spring to model the post-buckling charac-
teristics of real structures; two masses one of which
was constrained to move axially and the other later-
ally; initial geometric imperfections and elastic
linear work hardening springs that idealize elastic,
plastic, and material work hardening effects.

If the axial mass is zero, analytical solutions for
dynamic elastic, elastic-plastic, and plastic-elastic

buckling can be obtained using a phase-plane method.
These theoretical results have interesting features.
For example, the dynamic step buckling load of a
perfect and almost perfect model is larger than the
associated static buckling load. The difference is due
to the different elastic-plastic deformation histories
during the static and dynamic responses. It is of
interest that Hartzman [55) observed a similar
situation between the dynamic and static buckling
pressures of a geometrically perfect elastic-plastic
spherical dome. However, the dynamic buckling
loads of the idealized model are smaller than the
associated static ones when the initial imperfections
are sufficiently large. It is also apparent from theo-
retical results [54] that dynamic buckling of an
imperfect model can be elastic even though a perfect
model with the same parameters would buckle
plastically, The dynamic plastic-elastic buckling load
is smaller than the corresponding dynamic elastic
buckling load for a given magnitude of initial dimen-
sionless imperfection; the difference between the two
buckling loads increases as the strain hardening
parameter * decreases.

A numerical solution is required when the influence
of the axial and lateral masses is retained in the
governing equations [54]). A direct form of dynamic
buckling occurs within the range 0 € w, /w, < 0.5, *
This response is characterized by a high frequency
oscillation superposed on a dominant mode that
represents a lateral vibration of the idealized column
about a deformed state, The period of the dominant
mode grows as the vertical load is increased; the
dynamic buckling load is reached when the ampli-
tude becomes unbounded. The dynamic buckling
loads in this regime are very sensitive to the magni-
tude of the initial geometric imperfection and are
more sensitive to imperfection than those for the
corresponding wholly elastic dynamic buckling case.

The character of the response in the region 0.5 €
wy/wgy < 1.0 is different from that described above
for wy/wq € 0.5. In this case, high frequency vibra-
tions are superposed on a dominant mode having a
very large period. The total duration of the numeri-
cal calculations is therefore important. The buckling
load was obtained as the smallest load that caused a
specified amplitude to be exceeded within the inter-
val 0 € 7< 100. "* This type of behavior is similar
to the indirect buckling phenomenon studied by
Lock [56], who examined a dynamic elastic buckling

* See Reference [54] for definition of parameters
** 1 is dimension/ess time (54]
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problem. The numerical resuits for the behavior
of the idealized model are less sensitive to imper-
fection for indirect buckling than for direct buckling.

Lee has continued his studies into the dynamic
stability of continua. He used his quasi-bifurcation
criterion {57] to examine the elastic behavior of a
simple four-degrees-of-freedom system [58) and the
dynamic inelastic buckling or a rod [59], a column
[60], and a spherical shell {61] that had previously
been examined [62, 63). The quasi-bifurcation
theory has also been used to examine the dynamic
axisymmetric buckling of a buried elastic-plastic
pipeline subjected to seismic excitations that produce
comparatively high axial stresses [64] .

Kao [65] developed a finite-difference method to
examine the dynamic elasticplastic buckling of
axisymmetric spherical caps with initial imperfec-
tions. Ishizaki and Bathe [66] used a finite-element
procedure to investigate the dynamic plastic buckling
of a shallow cap, a complete spherical shell, and a
cylindrical shell.

The perturbation method of analysis {10] can
provide useful theoretical predictions for a certain
class of structures. This procedure was employed
[67] to examine the dynamic plastic buckling of a
stringer-stiffened cylindrical shell subjected to an
axial impact. It is more efficient to place stiffeners
with rectangular cross sections on the outer shell
surface than on the inner surface. Results demon-
strate the influence of the second moment of area,
eccentricity, cross-sectional area, and number of
stiffeners on the dynamic plastic response. Addi-
tional results and comments have been published
[68].

Experimental tests on the dynamic plastic buckling
of aluminium 6061 T6 cylindrical shells subjected
to lateral blast pressures have been conducted (69].

The phenomenon of dynamic plastic buckling plays
an important role in full-scale light aircraft crash-
worthiness tests [70-74]. In one case the numerical
predictions of a hybrid computer program and two
finite-element computer programs were compared
with experimental results recorded during vertical
impact velocity crash tests [73]. Additional com-
parisons have been made between the hybrid com-
puter program and experimental results [74] .

Crashworthiness tests have been conducted on
small-scale aluminium fuselage structures [75). A
finite-element method that employs a lumped mass-
stifiness idealization was developed,

The dynamic plastic buckling characteristics of tubes
and other components also plays an important role
in the energy absorption characteristics of motor
vehicle structures [76-79). Another important
current practical area of concern is the design of
pipewhip restraint systems that can involve dynamic
plastic buckling [80, 81]. Dynamic plastic buckling
can also play a part in the design of hazardous mate-
rial containers [82-84] and modular crash cushions
(85, 86] .

NUMERICAL STUDIES

Numerical studies have been discussed [2, 3). Addi-
tional studies are mentioned briefly in this section.

Witmer and co-workers have continued their long
interest in the dynamic plastic behavior of structures.
Pirotin and Witmer (87] used a finite-difference
procedure to study the dynamic behavior of shells
when they impact rigid barriers. Such behavior is of
interest in the protection of nuclear power plants.
Progress on the MENTOR finite-difference code has
been reported [88) and some applications of the
PETROS 4 numerical finite-difference scheme pre-
sented [89].

The transient response of beams and rings impacted
by fragments [90, 91] is of interest in the design of
systems to deflect aircraft turbojet engine rotor
fragments away from critical regions. Experimental
tests on aluminium panels struck by steel spheres
[92] were undertaken in part to provide experi-
mental data as a check of numerical schemes on
fragment impact (93]. Rodal and Witmer [94)
reported development of their finite-element pro-
cedure for dynamic inelastic structural problems
involving finite strains.

Other research groups have developed numerical
schemes that can be used to study the dynamic
plastic behavior of structures. Belytschko and Mar-
chertas presented a nonlinear finite-element method
[95] and obtained reasonable agreement with experi-
mental tests on wide beams loaded impulsively [96].
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The behavior at the supports could have been cap-
tured more accurately with a greater density of
finite elements in the vicinity of the supports. The
numerical scheme was also used to study the transient
response of a hexagonal fuel subassembly.

Finite-element methods for studying the transient
response of beams have also been developed [97, 98],
one is a novel mixed formulation [97]. The other
[98] compares the method with experimental work
on both beams and circular and rectangular plates
loaded impulsively. The method predicts good
agreement with test results on wide beams {96]
and fully-clamped rectangular plates (44] made
from aluminium 6061 T6, which is a strain-rate
insensitive material. Even better agreement, particu-
larly near the boundaries, would probably have been
obtained if more finite elements had been used in
the numerical calculations. However, the numerical
scheme with material strain-rate sensitive effects
gave less favorable agreement with an identical
series of tests on wide beams and rectangular plates
made from mild steel (44, 96], possibly due to the
formulation of strain-rate sensitive effects. Further
work is required to clarify the situation.

A finite-element method for describing the axisym-
metric behavior of circular plates and shells of revo-
lution has been developed [99] using a stress resul-
tant formulation. The computational effort is thus
simplified because yielding occurs simultaneously
across the entire cross section. However, Raghavan
and Rao [100] demonstrated that a finite-element
procedure based on moment curvature relations
significantly underestimates the response predicted
by a more exact formulation when the duration of
the applied load is longer than about half the natural
period.

Lukkunaprasit and co-workers [101] simplified the
numerical calculations for dynamic inelasticity by
using modal coordinates and disregarding possible
loading/unloading regions. They obtained encourag-
ing results for the earthquake analysis of multistory
shear buildings when only a few lower modes were
obtained. However, the method might be less effec-
tive for impulsive loading situations requiring the re-
tention of a greater number of higher modes in the
numerical calculations,

Numerical predictions of the ICEPEL piping code
have been obtained at Argonne National Laboratory

for the safety analysis of liquid metal fast breeder
reactors [102]. Experimental results were recorded
on pipes with large internal pressure puises propa-
gating along the pipe axis. The agreement between
the numerical predictions and experimental results
is excellent, particularly in view of the complexity
of the problem,

A finitedifference procedure [103) was developed
to examine the dynamic elastic-plastic axisymmetric
behavior of a fluid-filled unstiffened shell. This
numerical scheme was used to investigate the re-
sponse of a water-filled nuclear containment vessel
when the relief valve discharge piping is cleared.

Garnet and Armen [104] used a one-dimensional
finite-element method to study the impact of a rod
against 8 deformable barrier - an idealization of a
vehicle striking an obstacle, The rebound of a vehicle
and its subsequent repeated impact against a barrier
are important considerations in crashworthiness
studies. The modeling of a deformable barrier as rigid
can in some cases lead to smaller maximum stresses
in the impacting rod.

Various numerical schemes have been used [105-110]
to examine the dynamic plastic behavior of beams
and frames. A numerical method developed by
Laudiero [108] is capable of handling any load and
boundary conditions for ideal fiber-reinforced beams
[1]. Incidentally, Shaw and Spencer [111, 112]
studied the dynamic plastic response of ideal fiber-
reinforced plates.

Stolarski {113) has continued his studies {109] and
developed an extremum principle for the dynamic
plastic behavior of shells that undergo large displace-
ments, The resulting finite-difference formulation
was used to examine the axisymmetric response of
a cylindrical shell loaded impulsively over part of the
axial length,

Zudans [114) discussed implicit and explicit compu-
tational schemes for the dynamic plastic behavior
of structures. Oden and Bathe [115] have written a
timely and thought-provoking commentary on com-
putational mechanics.

MISCELLANEOUS STUDIES

A great deal of activity on the dynamic plastic
behavior of pipelines subjected to various impact
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loads has been reported recently. The response of
piping systems subjected to pressure transients
generated during a sodium/water reaction in a failed
steam generator of a liquid-metal-cooled breader
reactor was studied [116, 117]. The plastic defor-
mation of a pipeline was taken into account and
might indirectly contribute to the formation of
transient cavitation in piping systems, The influence
of cavitation due to the possible inability of a fluid
to adjust to structural motion without reaching its
vapor pressure has been studied {118].

Belytschko and Mullen [119] examined the particu-
lar case of a circular cylinder striking a quiescent pool
of water. This problem is related to slamming and
bow damage studies [120, 121]. Such studies might
be extended to shells using a theoretical pr.cedure
[122].

Palusamy and Manhardt [123] conducted experi-
mental tests on stainless steel pipes subjected to
lateral impact loadings. This study was motivated
by the necessity for a realistic evaluation of the
interaction between pipes and pipewhip restraints
during a postulated pipe break in a nuclear power
plant. Other experimental work [124] also proviaes
valuable information on the behavior of a pipe that
strikes another object after a pipe break. The tests
were conducted on pipes that were struck by cylin-
drical projectiles with conical heads.

The plastic flow stress will be a function of strain
rate during a pipewhip in a nuclear reactor for pipe-
lines made from materials that are strain-rate sensi-
tive. Data on the static and dynamic properties of
two typical pipeline materials have been published
{125]. Other studies have been conducted on the
strain-rate sensitive beha ior of different materials
at various strain rates [126]. However, it should be
remarked that Aboudi and Bodner [127]) used a
unified theory for elastic-viscoplastic anisotropic
work-hardening materials ihat does not require a
yield condition and therefore avoids the difficulties
associated with elastic unloading from a plastic
state. The particular case of a dynamically loaded
slab has been studied [127].

Marom and Bodner [128] presented a combined
analytical and experimental study into the projec-
tile perforation of multilayered beams. The theo-
retical analysis takes into consideration the effect

of structural deformation on the perforation mecha-
nism. The ballastic velocity is defined as the initial
impact velocity for which the post perforation
velocity equals the structural deformation velocity
at the point of impact. Backman and Goldsmith
{129] presented a valuable and comprehensive survey
on the mechanics of penetration of projectiles into
targets.

Another type of damage was considered by Vaughan
[130] who conducted a large number of experi-
mental tests on mild steel plates of various thick-
nesses penetrated in an in-plane sense by sharp rigid
wedges, He proposed a formula that relates the
external work done to the depth of penetration and
wedge angle. This information is of considerable
interest in calculations on the crashworthiness and
grounding damage of ships and marine vehicles
[131].

In other studies of dynamic plasticity the response
of a rapidly heated rigid-plastic cantilever beam
[132]), and a thick-walled cylinder subjected to a
sudden internal pressure [133] were examined. Poliz-
zotto [134] considered the adaptation of discrete
structures subjected to repeated dynamic loadings.

Experimental systems have been developed for apply-
ing dynamic loads to structures [135-137]. One
simple device [136] is designed to impart a rectan-
gular shaped force-time history with a duration on
the order 10 ms to a structure. Other experimental
arrangements [135, 137] are suitable for impulsive
loadings.
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survey and analysis

LITERATURE REVIEW: ot the shock and

= Vibration literature

The monthly Literature Review, a subjective critique and summary of the litera-
ture, consists of two to four review articles each month, 3,000 to 4,000 words in
length. The purpose of this section is to present a “digest’” of literature over a
period of three years. Planned by the Technical Editor, this section provides the
DIGEST reader with up-to-date insights into current technology in more than
150 topic areas. Review articles inlcude technical information from articles, reports,
and unpublished proceedings. Each article also contains a minor tutorial of the
technical area under discussion, a survey and evaluation of the new literature, and
recommendations. Review articles are written by experts in the shock and vibration
field.

This issue of the DIGEST contains an article about plate vibration research, 1976 -
1980.

Dr. AW, Leissa of Ohio State University, Columbus, Ohio has written the second
paper of his two-part article summarizing recent research in free, transverse vibra-
tions of plates. The first one dealt with problems governed by the classical theory
of plates. The present one considers complicating effects such as anisotropy, in-
plane force, variable thickness, surrounding media (e.g., air or water), large (non-
linear) transverse displacements, shear deformation, rotary inertia and nonhomoge-
neity.
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PLATE VIBRATION RESEARCH, 1976 - 1980:
COMPLICATING EFFECTS

A.W. Leissa*

Abstract. This paper is the sscond of two summa-
rizing recent ressarch in free, transverse vibrations
of plates. The first one deslt with problems governed
by the classical theory of plates. The present one
considers complicating effects such as anisotropy,
inplane force, varisble thickness, surrounding media
fe.g., air or water), large (nonlinear) transverse dis-
placements, shear deformation, rotary inertia and
nonhomaogeneity.

INTRODUCTION

This is the second part of a review aimed at sum-
marizing the current literature of plate vibrations.
The previous part [1] was limited to problems
governed by the most simple, classical theory, The
present paper extends the survey to include compli-
cating effects, and is the chronological sequel to
another survey paper which encompassed the same
scope for the preceding time period [2].

Complicating effects are those which directly affect
the governing differential equation of motion for a
plate. The effects to be considered in the present
paper {as in [2]) include:

Anisotropy

Inplane forces

Variable thickness

Surrounding media

Large deflections

Shear deformation and rotary inertia
Nonhomogeneity

The differential equation of motion (Equation 1)
may be considerably complicated by the presence

of one or more of the effects listed above,

w

4 — =
DV*w+p e 0 ()

The resulting types of complications in the equation
include:

Additional terms of mixed differential order
Variable coefficients

Nonlinearity

Increased differential order of the system {(from
fourth to sixth or eighth or greater) because of
coupling

All of these effects tend to make the possibility less
likely for finding exact solutions, and increase the
number of parameters in the problem. In spite of
all this, however, plate vibration problems are typi-
cally less complicated than those of shells [3) .

The mathematical details of the complications which
arise will not be elaborated upon here. To some
extent they have been indicated in the previous
paper [2]. Further details for the governing equations
of motion are given in [4] .

ANISOTROPIC PLATES

Compared with isotropic plates which are charac-
terized by single flexural rigidity coefficient (D),
anisotropic plates are considerably complicated by
the need for defining five independent rigidity co-
efficients. Orthotropy is a special case of anisotropy,
reducing the number of required coefficients to three.
Typically, because of the large number of parameters
required, one can find very few results for generally
anisotropic plates in the literature, Solutions are
generally confined to orthotropic plates which,
fortunately, do represent a wide class of practical
problems,

Orthotropy only requires that the material properties
{viz., Young's modulus) have principal axes which

*Professor of Engineering Mechanics, Boyd Laboratory, Ohio State University, 166 W. Woodruff, Columbus, OH 43210
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are mutually orthogonal, Thus, although most results
can be found for the reiatively simple {but practical)
case of rectangular orthotropy, curvilinear orthotropy
can exist for an unlimited number of orthogonal
coordinate systems (e.g., elliptic-hyperbolic coordi-
nates). But among the latter possibilities, results
only for the case of polar orthotropy are found
where the principal axes are defined by the well
known plane polar coordinates.

Polar Orthotropy

Relatively little recent research deals with the vibra-
tions of plates possessing polar orthotropy. Ginesu,
Picasso and Priolo [5] used finite elements to analyze
annular disks. They also obtained experimental
resuits, by means of real time and time average
holographic interferometry. Lizarev, Klenov and
Rostanina (6] developed exact solutions of the
equation of motion in terms of generalized hyper-
geometric functions.

Irie, Yamada and Ito [7] took up problems of
circular sector plates having polar orthotropy. Spline
functions consisting of the products of deflection
of sectorial beams and circular beams were used
as admissible functions for a Ritz analysis. Extensive
numerical results for frequencies and mode shapes
were presented,

Rectangular Orthotropy

Dickinson [8) made a very useful extension of War-
burton’s (9] famous paper which gave a simple, ap-
proximate formula for the vibration frequencies of
rectangular plates, based upon using Rayleigh’s meth-
od with assumed modes in the form of products of
vibrating beam functions. Dickinson's paper general-
ized the previous work to rectangular plates of ortho-
tropic material (the so-called case of “special ortho-
tropy’’ wherein orthotropy axes and plate edges are
parallel). All 21 combinations of classical edge sup-
port conditions {(clamped, simply supported or free)
are accommodated in the formula, Comparisons were
made with other published results in the literature,

Kuttler and Sigillito [9] demonstrated the applica-
tion of a useful method for obtaining both rigorous
upper and lower bounds of eigenvalues upon the
clamped orthotropic plate problem. The method is
computationally similar to the Ritz method, but the
trial functions need not satisfy any of the boundary
conditions. Upper and lower bounds for the same
problem were also obtained by Marangoni, Cook and
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Basavanhally [10]. Other recent solutions of rectan-
gular orthotropic plate problems for classical bound-
ary conditions have been obtained using finite dif-
ferences [11], finite elements [12) and a modified
Bolotin asymptotic method [13].

Laura and Grossi [14, 15] examined rectangular,
orthotropic plates having one or more edges elas-
tically restrained against rotation, Numerical solu-
tions for frequencies were achieved using the Ritz
method with algebraic polynomials of low degree,
Similar problems were also analyzed by Greimel
(16].

Bert {17] and Sakata [18-20] have developed pro-
cedures which are potentially very useful for esti-
mating the natural frequency of an orthotropic plate
from that of the isotropic one having the same shape.
Laura, Luisoni and Sarmiento [21) analyzed ortho-
tropic plates of regular polygonal shape having both
simply supported and clamped boundaries. Irie and
Yamada (22] treated orthotropic annular plates of
circular and elliptical shape using the Ritz method
with spline functions,

INPLANE FORCES

Inplane forces are considered to be those initially
applied to a plate, acting in its plane, and remaining
constant during the vibratory motion (i.e., inde-
pendent of vibration amplitude). They may be
generated by forces acting along the boundaries or
by body forces {eg., gravity, centrifugal, magnetic).
The inplane force field is completely determined
within the plate region before the free vibration
problem is addressed. This involves solving a plane
stress problem in elasticity to determine the three
components of stress at each point, If the inplane
stresses (and resulting forces, which are the stresses
times the thickness) are everywhere constant, then
the resulting differential equation of transverse,
vibratory motion has constant coefficients, and the
resulting vibration problem is simplified,

Problems exist for every conceivable geometric shape
of plate, subjected to any initial, inplane force
field which satisfies the equations of plane elasticity.
Tensile inplane forces cause the frequencies to
increase, whereas compressive and shear forces
cause them to decrease, the latter to a lesser degree,
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Compressive or shear forces of sufficient magnitude
are capable of reducing the fundamental natural
frequency of a plate to zero, which corresponds to
the linear, bifurcation buckling problem for a plate
subjected to the given inplane forces.

Circular and Annular Plates

The circular plate loaded by a constant (i.e., hydro-
static) inplane force, simply supported and con-
strained elastically against rotation, and carrying a
concentrated mass near its center was analyzed by
Laura and Gelos [23].

Annular plates subjected to uniform inplane bound-
ary forces have also been studied [24-25]) . Ramaiah
(24]) gave results for eight different combinations
of clamped, simply supported and free edge support
conditions at the inner and outer boundaries. Pre-
viously, an interesting method of using a coordinate
transformation was demonstrated, which results in
numerically well-behaved solutions, even for annular
plates of narrow width [26]. The clamped-free
annular plate subjected to a concentrated force on
the outer boundary was analyzed by Srinivasan and
Ramamurti [26] .

Rotating circular disks give rise to nonuniform
centrifugal inplane forces and interesting vibration
problems {27-31]. For example, each nodal pattern
for nonrotating circular and annular disks has two
frequencies associated with it in the rotating case.
MacBain, Horner, Stange and Ogg [27, 28] showed
how holographic interferometry may be used to
determine frequencies and mode shapes of clamped-
free disks.

The concept of optimizing the initial stress field in a
circular plate so as to maximize its frequency was
studied by Rammerstorfer and Beer [32, 33]. Nay-
feh, Kamat and Ramkumar [34, 35] developed an
interesting method to reduce the problem of a highly
prestressed anisotropic plate into the more simple
problem of an anisotropic membrane with modified
boundary conditions that account for the effects of
bending.

Rectangular Plates

Dickinson’s formula [8] for orthotropic rectangular
plates having arbitrary edge conditions (see preceding
section) also included the effects of uniform axial
stresses,

Kielb and Han (36) presented extensive numerical
results for the fundamental frequencies and mode
shapes of rectangular plates loaded by inplane hydro-
static forces for all six possible combinations of
simply supported and clamped boundary conditions,
Exact solutions were used for the three cases having
two opposite sides simply supported, and approxi-
mate series solutions for the other three, A number
of other solutions by approximate methods exist
for rectangular plates with inplane loads [37-40].
The effects of thermal gradients upon vibrations has
also been considered (41, 42} .

Bassily and Dickinson [43] outlined a unified Ritz
approach for determining both the inijtial inplane
forces (i.e., solution of the plane stress problem)
and finding vibration frequencies and mode shapes.
The method was demonstrated on the problem of
the cantilever plate subjected to inplane acceleration
loads which had a previous solution [44] and three
other less complicated loadings. Porter Goff {45)
also solved an interesting problem involving non-
uniform inplane loads -- the completely free rectan-
gular plate having self-equilibrating residual stresses
arising from running a weld along a longitudinal
centerline,

Laura and his colleagues [46-48] have recently
analyzed several problems involving rectangular plates
having one or more edges elastically constrained,
and subjected to combinations of inplane normal and
shear loads, The Galerkin method with simple alge-
braic polynomials was used. The rectangular simply
supported plate subjacted to uniaxial inplane forces
and restrained by translational springs at two internal
points has also been studied [49].

QOther Shapes

A few solutions are available for other shapes, Laura
and Gutierrez [60, 51]) used conformal mapping
together with the Galerkin method to study shapes
for which mapping functions are known, such as
polygonal plates, subjected to hydrostatic inplane
forces. Datta and White [52] considered the rectan-
gular plate having a central opening.

VARIABLE THICKNESS

The writer was rather surprised at the amount of
attention paid to variable thickness plates in recent
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vears. The effect of variable thickness is to cause
variable coefficients in the differential equation of
motion, making their exact solution very difficult.

The present survey is limited to plates of continu-
ously varying thickness. Plates of stepped thickness
are straightforwardly treated as two or more constant
thickness plates joined together at their intersections
by continuity conditions, and will therefore be
regarded as structures composed of multiple elements
and beyond the scope of this review,

Circular and Annular Plates

Particularly notable is the work of Lenox and Con-
way [563] who obtained an exact, closed form solu-
tion for the case of an annular plate having a para-
bolic thickness variation. The solution of the equa-
tion of motion is found to be expressible in the
exact, closed form

wir,8,t) = (A,r’\l + A, A +A;rx3 +
(2)
Auh)cos mé sin w t

and numerical results are given for the three cases of
outer-inner boundaries being clamped-clamped, sim-
ply supported-free and free-free. This work is an
excellent addition to the exact solutions previously
achieved by the senior author [54, 656] many vyears
ago. Indeed, it is even better, for the previous solu-
tions required the use of Bessel functions, which are
necessarily expressed in infinite series. Irie and
Yamada [56] also obtained resuits for the annular
plate having parabolic thickness variation,

Recent papers have also treated circular and/or
annular plates having linear [56-58) and exponential
[56] thickness variation., A Ritz approach was
straightforwardly used [69)] to analyze the class of
plates having thickness variations

h=hg (1+a/rm) (3)

Several recent works have dealt with the problem
of optimizing the thickness variation to control the
resulting frequencies {60-63] .

Laura and his colieagues [64-67] have solved a
number of problems involving the vibrations of
variable thickness circular plates having elastic con-
straints along their edges, including the case where

the boundary stitfness is varying circumferentially
[67). Ritz-Galerkin procedures with algebraic poly-
nomial trial functions were used,

Rotating variable thickness disks occur in steam and
gas turbine applications and have received some
attentionn [68-71). In these cases the calculation
of the initial inplane forces arising from centripetal
acceleration is in itself a significant problem. Vari-
able thickness disks having uniform, hydrostatic
inplane forces have also been treated [72, 73].

Rectangular Plates

Sakata [74-76] has dealt with a number of rectan-
gular plate problems having linearly varying thick-
ness. These include the cases of all sides simply
supported [74}; SFSS and SFSF [75]; and all sides
clamped {76]. Laura and his colleagues [77-78]
have taken up problems of linear thickness varia-
tion where the thickness gradients are not necessarily
the same in two halves of the plate. Such asituation
also occurs in the case of a solid wing structure of
diamond-shaped profile which is modeled as a vari-
able thickness cantilever plate [79].

Plates having parabolic (80, 81] and exponential
{82] thickness variations have alsc been considered,

Laura and his colleagues {83-85] also took up prob-
lems for variable thickness rectangular plates having
elastic constraints along one or more of the edges.
Linear taper was considered, and the remaining edges
were either clamped or simply supported.

Several other interesting papers exist [86-91] for
variable thickness rectangular plates. Finite difference
{87, 88] and finite element [89] methods were
demonstrated, as well as a straightforward procedure
representing a continuously varying thickness by a
stepped thickness plate {90}. The optimization
problem was also treated [91].

Other Shapes

Banerjee [92] analyzed plates of parallelogram shape.
Results were obtained for different ratios of the sides,
skew angle and taper constant, Annular sectors of
nonuniform thickness were studied by Bhattacharya
{93] . The straight edges were clamped and the inner
and outer circular edges were both either clamped
or simply supported,
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EFFECTS OF SURROUNDING MEDIA

Classical analysis assumes that a plate is vibrating in
a vacuum, The effect of surrounding fluids, such as
air or water, is to introduce mass coupling with these
media, thereby decreasing the vibration frequencies.
Several recent papers have taken up plates immersed
in water [94-97). These have included both finite
element analyses [94-96]) and an experimental study
(97].

The effect of a classical elastic foundation distributed
along one or both lateral faces of a plate is to increase
its natural frequencies. In the most common case of a
uniformly distributed elastic foundation having a
linear spring coefficient, the problem modification
is a minor one, and the numerical results for conven-
tional, constant-thick ness plates are readily adjustable
to account for the elastic foundation (cf., [4], p 1).
However, when the elastic foundation is distributed
along only part of a lateral face, the problem is
considerably more complicated. Nagaya, Hirano
and Okazaki [98, 99] studied the circular plate
supported elastically on an eccentric region which
is either circular [98] or annular [99] in shape.
Bhattacharya [100] considered simply supported
triangular plates which rest on a Vlasov-type elastic
foundation.

LARGE DEFLECTIONS

Large transverse deflection (w) of a plate causes an
additional, membrane-type of stiffening to be pres-
ent. The additional stiffening is the result of the
capability of the plate to generate displacement-
dependent inplane forces, and is therefore very much
dependent upon the inplane constraints at the bound-
ary. The equation of transverse motion becomes
coupled with the plane compatibility equation
goverring inplane stretchiryg, and both equations are
nonlinear. The resuiting nonlinearity is of the “’hard-
ening’’ type; that is, the vibration frequencies increase
with incremsing amplitude of mctioe et 18], o
303-314). This frequency increase can become quite
significant for vibration amplitudes on the order of
half the plate thick ness, or more,

It is unfortunate that so many authors persist in
presenting numerical results showing the ratio of the
nonlinear period of free vibration to the linear one,
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